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TBLEGRAPHIO DETERMINATION OF THE FOBOB OF GRAVITT AT BALTIMORE, 
MD., FROM SIMULTANEOUa PENDULUM OBaSBVATlONS AT WASHINGTON 
AND BALTIMORE. 



By £. D. PftKSTON, AHsistant. 
Sobmitted for pablioatioa Fabmary IS, 1895. 



In obedience to iostrnctions of Jnne 2d, 1893, a determination of the relative force of gravily 
between Washington, D. C, and Baltimore, Md., vas nodertaken. The exact points oconpied 
vere the Coast and Geodetic Survey OfQce in tbia city and the Johns Hopkins University at 
Baltimore. Through the kindness of President Gilman and Professor Rowland the basement of 
the physical laboratory was placed at onr disposal. The height above mean tide is 100 feet (30*5 
metres). 

At Washington the pendnlnm was 45 feet (13*7 metres) above mean tide. The iustmments 
nsed were the recently constmcted half-second pendnlnms, and the method was that of swinging 
simoltaneoasly two pendnlnms, the periods of both being determined by means of the same 
ohronometer. The signals were transmitted telegraphically. The distance from Washington to 
BaltimoTe is 40 miles. It is obvions that in the application of snch a plan it is unnecessary to 
know the rate of the cbroDometer, and hence we may dispense with the star observations, a very 
laborious part of the nsual scheme in the relative determinations of gravity. 

This method, the first account of which appeared in the report of Dr. T. G. Mendenhall on the 
traDsfer of our initial gravity station &om the Smithsonian Institution in this city to the Ooast 
and Geodetic Survey Office, promises to be one of surprising accuracy. The work Just referred 
to, executed by Mr. G. R. Putnam, Assistant, Coast and Geodetic Survey, and Mr. Von der Treock, 
Acting Aid, gave results in which the greatest discrepancy from the mean was only one part in 
two and a half millions (Appendix No. 16, Report for 1891], The line, however, was short; but 
there is no reason why the distance between the stations should enter as a function of the 
accuracy, granting that the electrical oonnections, batteries, eto., remain the same &om day to day. 

For details regarding the execution of the present work reference may be made to Appen- 
dix No. 16, above cited. The system followed in the Washington-Baltimore determinations was 
essentially the same uid need not be retold. The use of two chronometers, one at each station, 
eliminated from the result any error arising from the variation of the transmission time of the 
electric current during the experiment. 

The pendulums used were A^, A«, and A« at one station, and Bj, B|, and Bj at the other. 
A4 and Bi were swung simultaneously, as likewise were As and Bj, and finally A« and B3. The 
B pendulums are of the old form, having the knife-edge on the pendulum and the plane on the 
support The A pattern has the plane on the pendulum and the knife-edge on the support 

After three days* work with B at Washington and A at Baltimore the pendulums and receivers 
were interchanged and another set was made with A at Washington and B at Baltimore. 
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Finally, the peadnlnma were simaltaDeoiuly swung at Washington, A4 being compared witii 
B], Ag with B|, and A« with B,. 

The pendnlams were awnng in the prime vertical at both ststiona. Sidereal chronometer 
Kegns So. 1823 was used at Washington and Ko. 1824 at Baltimore thronghont the work. 

From these three sets, that is, ttom the swings before and after the interchange, and from 
direct comparison at the same place, it is possible to dednce a valne for the difference of the 
force of gravity between Washington and Baltimore and also two valnes for the difference of 
the timesof oscillation of the pendnlnms. A complete and Bymmetrical acheme wonld necessitate 
another direct comparison at the second station (Baltimore], which would furnish another valae for 
the difference of gravity also. 

Letting A^ = the differeDce.of the periods of two pendulums ewinging at the same place. 

A tf = the difTerence of the periods of the same pendulum when swinging at different 
places, and representing the pendoloms by capital letters and the places by exponents, as 
A°=the period of pendulum A at Baltimore, 
B"'=the period of pendnlnm B at Washington, 
from the work before the interchange we have 

A''-B" = A(p+ At, (1) 

and after interchange 

A"'-B== A(p- A«, {2} 

These equations will give Atp and At^ 

The period of A ia greater tljan that of B at the same plELce, and the period of the same 
pendnlnm ia greater at Baltimore than at Washington. 

From the direct comparison at Washington we get 
A"-BW= A*p 
This value serves as a check on the value of Afp derived from the interchange, and it also 
gives us a criterion to judge of the consiateuoy of the values of At, from equationa (1) and (2) by 
ita anbatitution therein, but it throws no new light on the mean valae of A(„ since it must be 
anbatitnted in equationa which have already given this value. 

For each swing the pendulums were used in the direct and reverse poaitioDB, and both chro- 
nometers were used, so that we have four values for each pair of pendnloma. These may be 
combined in different ways for the sake of comparing results obtained under like conditions 
as regards chronometers, poaitioo, etc. Moreover, the mean values for each pendnlnm may be 
treated by deducing values of At, ftom the separate consideration of the periods of the differ- 
ent pendulums in the same place uid by deducing values of Af, from the same pendulums in 
different places. 

The mean results of Atp and At, from these separate treatmeuts will of course be the same. 

Subtracting the differences A^ — B^ and A^ — B° in the times of osoillation of the two pen- 
dulums at the two>etations before and after the interchange, we have 

(A" - A'') + (B» - B") (3) 

which terms represent two independent determinationa of the relative force of gravity by the 
transportation of both pendulums from one station to the other. 

Adding the differences, we have 

{A»-B'') + (A''-B'') (4) 

in which case the terms represent a compariaon of the pendulums in two different placea. 

In both the above cases by taking the mean we of course arrive at the same resnlt wMch we 
would have obtained by solving equations (1) and (2). 

The second term of (1) was determined by direct experiment. We therefore have two values 
for the difference of period of the two pendnloma, but since the difference of gravity muat be 
obtained frvm equation (1 } and (2), where we have 

from (1) At, = (AB _ B'^) - A*p (6) 

and fi«m (2) - At, = (A'' - B^) _ At, (6) 

Atp is eliminated in the solution and the same value of At, results whatever the value of Atp. 



Digitized by 



Cjooglc 



EBPOBT FOB 1894— PART O. 



61 



Itistraethat from (1) and (2), by using tbe direct determinatioD of A(p, we may by enbstita- 
tioTt get valnes of A t, coireaponding to tbe work before and after tbe intercbange, and tbeae valnea 
will be different from that fhmished by (1) and (2) in tbe ordinary solution; but the mean reverts 
the original yalae for the reason above stated. 

The observations at Baltimore were made by Mr. F. A. Wolff, jr., those at Washington being 
made by myselt The apparatas was set up and the electrical connecdons arranged at both places 
by Mr. Wolff, wbo also made a complete reduction of the work. This has been checked by Mr. 
Putnam and myeelf. 

The periods of oscillation were redaced to an infinitely small arc, to a temperature of 24° O. 
(a mean value), and to a pressure of 5(KP"" at 0° 0. 

The constants employed w^re slightly different from those previously used and given in Appen- 
dix !No. Ifi. They were changed by a subsequent discussion, bat tbe temperature varied so little 
during tbe time of experiment and the pressure was maintained so near the standard adopted 
that either set of constants would have answered for the reductions. 

A correction for "lag" — that is, for the difference of temperature, between that indicated by 
tbe thermometer and that actually existing in the pendulum — has usually been applied to work of 
tbia kind. In the present ease, however, this quantity is without any real infiuenbe, because it is 
insignificant when compared with errors of reading and graduation. 

The following tables give the individual results for the different days in tbe.two positions and 
for the two chronometers used. The numbers given are units in the seventh decimal place, and to 
each result the quantity 0-5(H>* is to be prefixed. For example, tbe valne of B, at Washington on 
July 17 in the direct position and by chronometer JTo. 1823 is understood to be 0*500 SllS", and 
likewise for the others. 

A, AND B|. 



D.!*. 


FoaltloD. 


WutalDston B]. 


BilILmore A., 


Chran. No. 

.ftn- 


Chnra. No. 


"pSf^^ 


Chtoo. No. 
I8=J. 


ClUOD. No. 
1814. 


Heusby 




D 
R 

chionom. 


8ii8 
8137 


8066 
80SI 


8092-0 
8109s 


v,& 


9IOS 
9106 


9I30S 

9'33'0 


8ia7S 


8074-0 


81008 


9158-0 


910SS 


9131-8 






WaAlngtiMiA 




■BrtlnioreB, 




Jul, 25 
Means b] 


D 
R 

dmmom- 


9137 
, 9>37 


9070 
9073 


9103 s 
91050 


lie 


8tio 
8122 


8141 
8iS4 


9137-0 


9071 S 


9104J 


8179-0 


att6'o 


8147 S 




AT 


— b1' = + 1031 -o 
-B? = + 9567 




A»P = + 993-8 
Ah = + 37-a 








WMhlnKlonB,. 


WnshingtooA,. 


Aug. 38 
Aug. 29 


D 
R 

D 

B 
R 

Meaiu 


StiS 
8136 

814a 

8151 
8.58 


8063 
8077 

8069 

Sill 
8. IS 




9121 
9125 

9138 

9'36 
9'4S 


9064 

9097 
9099 




8.4.-0 


80872 


8I14-. 


9«33-0 


90768 


91049 
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A, AKD B,. 



^.. 


r^u... 


Wuhlngton B,. 


B..«»o™A.. 


ChroD. No. 1 Chron. No. 
,»,j. 1 .8.4. 


?3"i' 


™i. "' 


"X,.'*"|'&S^ 


,S'., 


D 
R 

D 
R 

Means 


7*93 1 7"» 
7250 1 7 I 81 

7*95 7225 
7*57 1 7'9> 


7*575 
7*15-5 

7260-0 

7224-0 


7415 
7409 

74*9 

7432 


735 » 
7M9 


7383-0 
7379-0 

7396-0 
7390-0 


7273-8 1 7W4-8 


7*39-* 


7418-8 


7355-* 


7387-0 


1 w«hiBr™A» 


BtltliiioreB,. 


Jul, 28 


D 
R 

Meam 


7374 
7371 


7310 
7333 


7347 -D 
7352-0 


7318 
7281 


7*7' 
7*36 


7:m-s 

72585 


737* -5 


73*6-5 


7349-5 


7*99-5 


7*53-5 


7276-5 


Af-BV=+ 147-8 A<f=+ I10-4 
Aj— B;=+ 73'0 A'« = +37-4 




WuUDttODA.. 


Wuhinglon B,. 


A»g. 5 
30 


D 
R 

D 
R 

D 
R 

Meam 


7394 

739' 

7397 
7403 


73*8 
73*3 

7355 
7355 

7360 
735* 




7*97 

7265 

7*99 
7*74 

7298 
7864 


7*34 
7190 

7*6. 
7**4 

7*62 
71*8 




73963 


7345-5 


7370-9 


7382-8 


7*33* 


,«8, 
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Podtkn. 


Wuhtngtoa B,. 


m.„™a.. I 


"■■ 


ChroD. No. 


Chroa. No. 
18*4. 


Munibr 

petition. 


Chron. No. 


Chroo.No. Hwiabr 
.Sm- I position. 


H% 


D 
R 

Means 


6636 


6SS7 
6573 


6^4^ 


IZ 


6998 
6,98 


70285 
7029-5 


^ 66275 


65650 


6596-2 


70600 


699S-0 


7029-0 




WMhinitMi A,. 


BddlDOR l)(. 


July 29 


D 
R 

MetAs 


7030 
7041 


6964 
6974 


6997-0 

7007-5 


66S2 
6693 


sa 


6648-5 
6660-0 


703s S 


69690 


70ca-3 


66870 


Mji-5 


66s4a 


a7-B! = + 3480 Ah=+ 42-4- 






"—■ - 1 


Aug. 11 
as 


D 
R 

D 
R 

Meuis 


7o»g 
7019 

7019 
7037 


6974 
6974 

6986 
6p9 




23 


6583 
66at 




70160 


6980-8 


7003-4 


6639-j 


6594-8 


66170 



From the foregoing valaes, when sningiag was done Bimnltaneoosly at the two stations, we 
bnve the following results : 



Sel. 




Af, 


At. 


D»U- 




I 
11 

UI 


A,-B, 
A«-B, 
A,-B, 


+993-8 
+IIO-4 
+3904 


+37-1 
+37-4 
+4^-4 


uIyi7»id2S 
uly 19, 21, and 28. 
July zo and 29. 



From direct comparison of the pendolams at the same station we have £> tp and A t, as follows 
( A ip being sabstitnted in eqaaUons (5) and (6) gives A *, = + 1031-0 - 990-8 = + 40-2, and so on) : 



Set. 


P.«du.„«. 


A<» 


Al. 


DM.. 


I 
II 
III 


A,-B, 
A,-B, 
A.-B. 


+990-8 


Si/bre. 
+¥>■* 
+34-9 
+46-4 


+341 


Aug. 11,28, ^d 29. 
Aug. 5, 26. and 30. 
Aug. 12 and 25. 



the mean valae of At, before and after the interchange being the same as that obtained above 
by the elimination. We therefore have in anits of oue-miUioath of a sidereal second for the mean 
difference in ttie time of oscillatioD of a half-seoond pendnlnm 

(Baltimore) - (WashiugtoD) « +3-90 
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and for the mean differeDces in the pendalam periods 

A« - Bi = + 99-1 

A» - B3 = + 11-3 

Ag - B3 = + 38-6 
The difference in the time of oscillation of the three pendnlamB is entiielr irithout inflnence on 
tile valaes of A tg in the three seta. In paaslng from Washington to Baltimore tlie length of the 
period is increased by only one hundred thousandth part of itself so that even if the pendalmnB 
differed in their times by O-OOl* this wonld not influence the above results. As a matter of fact, 
tiiey differ by only one-tenth of this. 

The following tables show the difference, in the seventh dednud place, of the times of oBoQla- 
tioD for the different positions of the pendoloms : 

DISBCTUmuS 



d™. 


A* 


A^ 


A* 


Hence— 
Dlr. — Re». for 

A.=-=..xio-; 

J^ = + zxidZ^ 
A. = -4XW-' 

Hence- 

Dir. - Rev. for 

8, = — ib-xio-; 


.fl=J. 


iSi*. 


•U3. 


>Sl4. 


i8,j. 


.814- 


i 

Means 


— 4 
■- 4 


- 3 


+ 6 

+ 7 
+ 3 
+ 3 

— 6 
+ 1 


+ I 
+ 5 
-'3 
+ 5 

+ 8 


— 8 


— 3 


- 3 


-• 


+ a 


+ • 


— S 


— 3 




B,. 


B,. 


B,. 


July 17 
'9 
to 

i 

A.1 

It 

s 

30 

Mcflns 


-19 
-14 
-18 


-16 
—14 


+43 
+38 
+37 
+3« 

+»S 
+34 


+41 
+34 
+35 
+44 

+37 
+34 


—"7 
-ag 


-13 
—19 


-'7 


— >4 


+35 


+37 


-19 


—18 



Aseaming the valae of g at the Ooast Survey OflQce to be 080098 dynes, the value at the 
Johns Hopkins University would be 98(H)83. 

The value of the difference of gravity between the two places is known with much greater 
accuracy than the absolute value at Washington ; indeed, the absolute value of gravity is not 
known anywhere to the degree of precision indicated above, and can not be so known with the 
appliances now at our disposal and by using the present methods. 

It is assuming alt that is warranted by work hitherto done to state the absolute value of g 
at Baltimore as 980'08 dynes. 

Since in general only one swing was made with each pair of pendnlnms before and afber the 
interchange, a comparison of these results wonld hardly form a means of judging of the ability of 
the pendulums to repeat themselves under similar conditions. 
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The greatest discr^aDcy from the mean, in the results by the different pairs of pendnlnms, 
for the excesH of the period at Baltimore over that at Washingtoo, is less than one part in two 
million. 

It is of course understood that the preceding treatment implies nearly equal periods in the 
two pendulams that are interchanged. It is assumed that the change in A in passing from Balti- 
more to Washington is the same as that in B in passing from Washington to Baltimore. For 
examples, out ftrst experiment gave 

A" - B" = + 1031-0' y 10~^ 
When A is transported to Washington, we have for its period A" — 6 Ay and when B is taken 
to Baltimore, its period hecomea B^ + 6B. The difference given by direct observation was 

A''-B»=(A»-5A)-(B" + 5B)=+956-7' x 10~^ 
= A" - B" - tfA - 5B = " 

hence by sabtraction 

SA + 6B= + 74-3 
so that when we give + 37*2 as the effect of gravity, the supposition is that i$A = S3. 6 A and SB 
here represent the actaal change in the period in conseqaeuce of a change of the force of gravity, 
and are expressed in njiits of the seventh decimal place of sidereal seconds. Assaming then: 
equality, the absolute difference between the pendulums at the same place results from the follow- 
ing equations : 

A" — B" = + 1031-0 = A(p + Afg 
SA = + 37-2 
A» _ <SA — B" = A" - B* = -1- 993-8 = A (^ 

If the periods of A and B are widely different, the above method can not be employed, because 
the change in the time of oscillation of a pendulum depending on a change in the accelerating 
force is a function of the period. In the case where the value for A is twice as large as ibr B, 
that is, when a metre pendulum is employed at one place and a quarter-metre one at the other, 
the value corresponding to 2 Afg in^ the solution of equations (1) and (2) would be composed of 
two parts, one of which would be twice as large as the other and would be Af, from the A pen- 
dulum, the remainder being At, &om the B pendulum. There would, however, be no way of 
finding the respective values of At, ftom a simple interchange of positions. 

Within the limits of the United States, say from latitude 25'^ to latitude 49°, the greatest 
change of period of a pendulum would he about one thousandth part of itself (more exactly, 
0-001 036), Hence, if quarter-metre peudolums are employed, the value of SA would be 0-000 SIS'. 
If the pendulums dift^red in their periods by one tbonsaiidth of a second, the value of ^B woold 
be 0-000 519*. In this case the assumption that SA and SB are equal would involve an error of 
half a unit in the sixth place of decimals. This would make it necessary to have the difference 
between the periods of A and B not greater thau one five-hundredth part in order to have the 
sixth decimal place accurate in the lesnlt for any determination within the latitudes given. 

The eft'ect of a change of elevation on the force of gravity is such that the above limit of one 
thousandth of the period would not be reached in any mountains in this country, the change in 
gravity being the same for 15 feet of elevation as it is for one nunute of latitude between 25° and 
49°, viz, 0-000 00144th part of itself. This does not take any account of the matter lying between 
the upper and lower station, but is purely the effect of the increased distance from the earth's 
center. 

We can therefore say that for all work in the United States it is sufficient and necessary that 
the quarter -metre pendulums employed in the telegraphic method of finding differences of the 
force of gravity should not differ as much as one thousandth of a second in their periods. 
S. Ex. 8, pt. 2 5 
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The telegraphic determinatioii of the difference of the force of gravity between two places by 
simoltaneotia osciDatioDS gives rise to tvo methods of treatment — that of differences and ratios. 
The following is a statement of these methods, with an application of the data already given in 
the case of one set of pendnlams, A^ and B,. 

In considering the ratio of the times of oscillation of the pendolmns we shall treat this quan- 
tity as A -i- B. The ratio of the places will be taken as the time of oscillation of the pendolom 
at Baltimore divided by the time at Washington. 

Before the exchange we have 

(7) E, = ^^ = ^-g- . ^^ = ratio of pendulams at Baltimore moltiplied by ratio of places from B 

pendulum. 

(8) = jp^ = A « • Rw — ratio of pendnlnms at Washington multiplied by ratio of places from A 

pendtilnms. 

or K, = ratio of pendulams multiplied by ratio of places. 
After the exchange 

<9) K, = ^-^ = — ^ , — p = inverse ratio of pendalums at Baltimore multiplied by ratio of 
places from A pendulum. 

(10) =s ^^ = - * IV = inverse ratio of pendulams at Washington multiplied by ratio of 
places from B pendulum. 

or K, =:inverseratioof pendulums muItipUed by ratioofplaces. 

In general terms we can say that the value of K, is equal to the ratio of the pendulums at 
the place indicated in the nomerator multiplied by the ratio of the places as determined by the pen- 
dulum indicated in the denominator, or, which gives the same thing, the ratio of the pendulums 
at the place indicated in the denominator multiplied by the ratio of the places as determined 
bytbe pendulum indicated in the numerator. A similar statement can be made iu regard to K^. 

It may be mentioned, although the fact is evident from the Interchange, that in order to bring 
out the factors composing E, we introduce precisely the quantities fi' and A^, which are directly 
observed iu the new position, and which determine the value of K^. If, in introducing the iden- 
tical factors in the two equivalent expressions for E|, they are chosen so that the ratios of the 
pendulams in the two places are equal, the ratio of the places must necessarily be equal, and vice 
versa in the case of K,. 

Multiplying (7) and (9) 





''■'^ = 1--B 


= (ratio of places )" 


dividing (7) by (9) 








K, A" A" 
K, = B»-B"- 


ratio of pondulums)' 








Before exchange. 


After exchange. 




A'=0-500M318' 


A" = 0-soo sms- 




B» = 0-500 81008 


B- = 0-500 81475 



The last decimal place is uncertain. It is cfuried along merely to avoid discrepancies. 
From the above we have by the differential method 

A" -B"= + 1031-0= A(p-»- :6(, 
A" ~ B» = + 956-7 = A(p - A( 
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By the method of ratios we have 

A' 0-BOO 01318 .nn„,j^, 

^ = B* *° 0-600 SlOOd = ^ *" 2***^' 

^ B' 0-500 81475 „ ^^ „,^. 

^ = A^ = 0^500 M042 = "^-^ ^^^ 

K,K, = (ratio of places)* = 1-000 01484 

ratio of places = 1-000 007i 

The ratio of the places would be foand by the differential method tfans: 

A" =0-500 9131-8 
37-2 
A (p = 0'600 9094-6 = A" (calculated) 

ratio of places =- — — 

The result for the ratio of the places is the same whether we use the differences or the 
quotients of the observed quantities. 

The same may be showu iu finding the ratio of the two pendnlums. 
By the method of differences we bad 

A" = 0-600 91318 
A*p= 9938 



B> (calculated) -0-600 81380 
and the ratio of the pendulnms is 

A" _ 0-600 91318 _ 

By the method of ratios 

S 1-000 S0686 

X"~ " 0-999 80900 ~ ^""^ 39693 = (ratio of pendulnms)* 
1-000 1984 = ratio of pendulnms as before. 

These two ways of reducing the observations are each capable of bringing out the final values 
for the difference of the force of gravity iu the two places, and also the difference of the times of 
oscillation of the two pendnlumB iu the same place. 

There is still another way in which the observations may be combined. Although viewed from 
a different standpoint, it leads precisely to the same result. 

Inasmuch as the entire operation consists eesentially of oscillating each of the two pendnlums 
at each place, we may simply compare the times of the oscillations iu the two places for the differ- 
ence of gravity and the times of the two pendulums in the same place for the difference of the 
pendulums. The values of the difference of gravity for the two pendulums will not be equal; 
neither will the values for the difference of the pendnlums in the different places be so, but the 
mean value for gravis in the first case and the mean dift^rence in the pendulnms in the second 
will be identical with the values heretofore obtained by the other two methods. This is shown in 
the following scheme (see p. 61). As heretofore, we are using units in the seventh place of decimals 
A» = 9131-8 
A" = 9104-2 

27-6 = Afg = difference of periods at Baltimore and Washington from A pendulum. 

B» = 8147-5 
B"' = 8100-8 

46-7 = A tg =; difference of periods at Baltimore and Washington from B pendulum. 
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The mean of these is 37-2, as before. 

Likewiae for the difference of the peuduluni periods 

A^ =9131-8 
B' =8147-6 

984-3 = A tp = difference of periods of A and B at Baltimore. 
A* = 9104-2 
B" =8100-8 

1003-4 = A tp = difference of periods of A and B at Washington. 
The mean being 993-8, as before. 

Bj means of the values of A ^ aud A tg we may reduce the period of either pendulum at either 
place to the other pendulam at the other place. For example: 

Pendolam A at Baltimore = A" = 0-500 9131-8 

Reduction from pendulum A to pendolnm B = A t, = 993-8 

Pendulum B at Baltimore (calculated) = B" = 0-500 8138-0 

Reduction from Baltimore to Washington = A/^ = 37-2 



Pendulum B at Washington = B'^ = 0-500 8100-8 

In the same way B" may be reduced to A'*', and of course the reduction may take place 
inversely. 

The value for B" (calculated) does not agree with that observed. 
We have B= (observed) = 8147-5 
B» (calculated) = 8138-0 

Difference = 9-5 

This is owing to the fact that ou account of minute errors of observation and slight imper- 
fections of workmanship the pendulums will not repeat themselves in two successive independent 
experiments. 

If we reduce A™ to B" we have 

A'' = 9104-2 (observed) 
993-8 = A(p 

8110-4 = B* (calculated) 
8100-8 = B" (observed) 

9-6 = difference. 

The sum of these two differences = 19-1, which is the difference between the two values for 
A tp found at Baltimore and Washington. 

We must bear iu mind, however, in these last examples that we are making the reduction 
from one pendulum to the other by means of a mean value for the differences of the pendulnms. 
If we transform the value of A at Baltimore, or A', into B at Baltimore, or B°, by means of the 
difference of the pendulums determined at Baltimore, there would be no discrepancy; as, for 

A' = 0-500 9131-8' 
A" - B" = + 984-3 



B" = 8147-5 = B» (observed) 

and similarly for Washington. 

In regard to the determinations by ratios, it may be added that the ratio of the two places 
may be found by taking the mean for the two pendulums as long as the individual values do not 
differ more than about one thousandth part. 
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Id oar namerical data we bad 






"B^'A* 



0-500 91318' 0-500,81475 



0-50d 81008 0-500 91042 



A combination of the namerator of the flrat traction with the denominator of the secondhand 
vice versa, ^ves the respective valaes for the ratio of the period at Baltimore to that at Wash- 
ingtOD, first by the A peDdalom, and second by the B peodulam. Moreover, this method of treat- 
ment makes the ftactions more convergent in a series, which is much the easiest way of evaloating 
them. We have from 

Pendnlam A 1-000 00551 

Pendulum B 1-000 00932 

The question now arising is how great this disparity between the two pendulums may be with- 
out vitiating the result when we simply take the arithmedcat mean, the true value sought being 
a mean proportional between them, or the square root of their product. 

It appears by mere inspection that in order to have the mean of two quantities equal to the 
sqaare root of their product to the nearest millionth part the quantities should differ only by 
about one thousandth part; but a clear conception of the case may be had, as well as a rigoroos 
solution obtained, by reference to the following diagram : 




Any vertical liue being a mean proiH>rtional between the two parts into which it divides the 
diameter, we only need to find the sine of an arc, c d, whose versed sine a c is one millionth part 
of the radius. This gives us at once od = -0014 for a value of « c = 0-000 001 ; so that the two 
ratios should not differ more than one seven-bundredth part if the result is carried to six decimal 
places. 

The radius being taken to represent the ratio of the places when the values given by the two 
pendulums are equal./A may be taken for A and/fr for B. The mean of these will be af, which 
will also be a mean proportional between them. If the two values are unequal and we represent 
the one from pendulum Ahy gh, and the one from B hy gb, their mean will still be a/, but the 
square root of their product will be g d, and this will di&ter from the direct mean by only one 
millionth when the difl'erence between the respective values or/<7 is one seven -hundredth part. 

It has already been found that the greatest variation of gravity within the territory of the 
United States dependent on either a change of latitude or of elevation would not modify the period 
of a pendulum by more than about one thousandth part, so that for the case under consideration 
we may neglect the infiuence of a change of the force of gravity. 

The conclusion is that the method by differences is to be preferred ou account of its dealing 
with small numbers, the method of ratios requiring either eight-place logarithms or else some 
approximate way of evaluating the fractions. The precautions to be taken in order to insare 
correct results within the limits of our own country are: 
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With half-BecoDd or qaarter-metre pendolams, that the times of oscillation Of the tvo pen- 
dalamB vibratiog Dnder similar coDditioos should not differ more than one thousandth of a second, 
and Then the rednctions are made by the method of ratios the direct mean may be taken between 
the resnltB for the two pendnlams considered independently as long as they do not differ by one 
aeven-hundredth part 

We now compare the results obtained in the foregoing paper with the theoretical values of 
the force of gravity deduced from a general empincal formala. Professor Harkness gives* the 
following eqaation for the variation of gravity {g] with the latitude (91) ; 
g = 9-77fl886» + 0-052210"' sin* ,p 

Taking the latitude of the Coast Survey Office as 38° 63' 13", and that of the Johns Hopkins 
TJuiversity as 38° 17' 50", we deduce the following table: 



SUMioo. 


V 


i 






C- 0. 


WMhington, D. C. (Coast Survey Office) 
Btatinoie, Md. (Johm Hopkim Uni*emty) 


38 53 '3 

39 «r SO 


Ftet. 
4S 


980-043 
980-074 


Dynft. 


Dyna. 
-0-0S6 
—0009 



From this it would appear that the force of gravity at Washington is in excess of the normal 
valae by 0-056 dynes, and at Baltimore we bave^so an excess of 0-009 dynes. 



* The Solar Ponllax and ita Related Conatknta. WasMngton, 1891, page 139. 
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